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ABSTRACT 
The Bessel type polynomials considered are orthogonal with respect to the weight function 
obtained from the (unknown) classical Bessel weight function on 8? by adding a scalar multiple of 
the Dirac delta function at 0. The Bessel type polynomials are expressed in terms of the classical 
Bessel polynomials and as a 3Fl hypergeometric series. A second order differential equation with 
polynomial coefficients for the Bessel type polynomials is given. 
1. INTRODUCTION AND SUMMARY 
Recently there have appeared several papers on “classical type” orthogonal 
polynomial systems. These orthogonal polynomial systems were obtained from 
the classical ones by adding a linear combination of at most two Dirac delta 
functions to the real weight function of the corresponding classical system. We 
mention especially Koornwinder’s paper [4]. To my best knowledge this 
procedure has never been applied to the (generalized) Bessel polynomials. 
The reason may be that the real weight function of the Bessel polynomials 
is unknown. However, using the moment sequence of the Bessel polynomials, 
we can easily describe the effect of adding a scalar multiple of the Dirac delta 
function at 0 to the unknown real Bessel weight function, since this change of 
the weight function corresponds to perturbation of the 0th moment only, (cf. 
(31, section 3). For the Bessel type polynomials obtained in this way we give 
(i) a simple expression in terms of classical Bessel polynomials, 
(ii) an expression as a hypergeometric series, and 
(iii) a second order differential equation with polynomial coefficients de- 
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pending on n, but of fixed degrees, which is satisfied by the Bessel type poly- 
nomial of degree n. 
2. GENERALIZED BESSEL POLYNOMIALS 
In this paper the (generalized) Bessel polynomials &(a;~) are defined by 
(- 1)” R,(a; z) = ~ 
(a + 4~“) 
&)(--n,a+n;z)=- 
(2.1) 
(-l)” i; (-fo(k)(a+n)(k) $9 
(a + “)@) k=O 
a#-1,-2 ,...; n=0,1,2 ,.... 
Here we used the notation 
(r(,)=a(a+ l)...(a+n- l), and ato)= 1. 
The connection with the polynomials 
YncG4= i k=O (;)(n+a-lh($ 
the generalized Bessel polynomials in the standardization of Krall and Frink 
(see [2], pp. 12, 13), is given by 
(- 1)” 
Rn(a; ‘) - (Q + n)(,) -- J5(-2z;a+ 1). 
We need the following properties of the Bessel polynomials. Most of these 
properties can be found in [7], pp. 64-68, or in [S], p. 680. 
(a) If a#O, - 1, -2, . . . and o, is the linear functional defined on the algebra 
d of the polynomials in z by 
o,(zk)=--$ k=0,1,2 ,..., 
( 
then 
0 if k=O,l,...,n-1 
(2.2) (- l)“n! 
(a+2n- l)r(a)fla+n- 1) if k=n ’ u-b + 2w2 
The sequence (R&z - 1; z)),“,~ is orthogonal with respect to the functional 0,. 
(b) Let 
C(z)=+i(l;a;z)= ; &, a#o, -1, -2 ,.... 
k=o a(k) 
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Assume that V,,, is the denominator of the (m/n) Pad6 approximant to C, 
normalized such that V&0)=1, n,m=0,1,2 ,..., and put I’,,-,=l. If P is 
any polynomial with deg P= k, we write 
m=zkP(z-‘). 
Then, for p = - 1, 0, 1,2, . . . , the sequence (~~,n+p)~EO is orthogonal with 
respect to the linear functional o defined on d by 
o(zk) = 
1 
-, k=0,1,2 ).... 
a(k+p+ I) 
Since for k=O, 1,2, . . . 
1 (J&k) = ~ = 1 1 
a(k+p+ I) 
=- w7+p+l(Zk), 
a@+I)(a+p+l)(k) a@+l) 
and since p n,n+p(~) and R,(a+p; z) are manic polynomials, we have 
(2.3) R,(a+p;z)=Vn,n+p(z),n=0,1,2 ,... ;p=-l,O,l,.... 
(c) g &(a- l;z)=nR,-,(a+ l;z), a#O, - 1, -2,...; n=l,2,.... 
(d) &(a- 1; z) satisfies the second order differential equation 
(2.4) z*y”-(l-az)y’-n(a+n-l)y=O, afO,-I,-2 ,...; n=0,1,2 ,.... 
3. BESSEL TYPE POLYNOMIALS 
In this section we assume that aE C and a#O, - 1, - 2, .,. , and we put 
)‘k=--&, k=0,1,2 ,..., 
Yn+p Yn+p- 1 *** Yp+l 
A,- I,n+p= 
Yn+p+ 1 Yn+p *** Yp+2 , n= 1,2, . . . . 
. . . . . . . . . . . . . . . . . . . . . 
Y*n+p-I Y*n+p-2 **a Yn+p 
p= - l,O, 1 ,..., andA-l,p=l,p=-l,O,l ,.... 
Then we have 
1 z” . . . 1 1 
C3e1) vn,n+p(Z)EA -l 
Yn+p+l *a* Yp+l , n=1,2,...; 
n ,,n+p . . . . . . . . . . . . . 
YZn+p **a Yn+p 
p= -l,O,l , . . . . 
Next we define the sequence (c,J~=s by co = y. + Q for some Q E Q= and c, = yn if 
n=1,2,..., and the linear functional G on d by 
fi(zk)=Ck, k=O,1,2 ,.... 
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We consider only those complex values of e for which all determinants 
C,-l . . . co 
Dnel= . . . . . . . . . . . , n=1,2 ,..., 
C2”-2 . . . C”-, 
differ from zero. 
This implies that there exists a unique sequence (Q,)rZo of manic poly- 
nomials with deg Q,,=n, n=0,1,2 ,..., which is orthogonal with respect to the 
functional $2. It is obvious that, if w is a real weight function for the Bessel 
polynomials &(a- 1; z), the polynomials Q,, depending on a and e, are 
orthogonal with respect to the (distributional) weight function w + &I, where 6 
is the Dirac delta function at 0. For this reason we say that the polynomials Q, 
are of Bessel type. 
Of course we have a representation like (3.1) for the Bessel type poly- 
nomials Q,, : 
(3.2) 
Z” . . . 1 
c, . . . co 
, n=1,2 ,.... . . . . . . . . . . . 
Czn-l . . . c,-1 
REMARK. It follows from a result of R.P. Boas [l] that there exists an ortho- 
gonality measure of bounded variation for the Bessel polynomials which is 
supported by the real interval [O,oo). 
(3i) Expression in terms of classical Bessel polynomials 
Using (3.1) and (3.2), some simple calculations, which are carried out in [3], 
section 3, yield 
(3.3) Q,,(z) = An-l,“-,~“,“-l+(- v%%-&J~n-l,n 
A,-l,,-l+(-l)“-‘eAn-Zn 
, n= 1,2, . . . 
and 
(3.4) Dn-l=4,_1,,_1+(-1)“-1ed,-2,, n=1,2 ,.... 
Here we have Vn,,-,(z)=R,(a-l;z) and ~j,n-l,n(z)=Rn-I(a+ 1;~) by (2.3). 
As in [3] we calculate 
A”-2J 
44,tf-1’ 
Taking z = 0 in (3.1) we get 
C,,+,(O) = (- 1)” 
An-l,n+p+l 
An-l,n+p ’ 
Since 
Kl,,+p(z)=Ma+p;z)= 
(- 1)” 
(0 + P + N(,) 
*2M-n,a+p+n;z), 
it follows that 
(3.5) A;-l,n+p+l= 1 fla+p+n) n=l2 . p= -10 1 
n I,n+p (a+p+n)(,,=z7a+p+2n)’ ’ ‘...’ ’ ’ ‘**‘* 
From (3.1) we get 
%+p+l(Zncl,n+p(Z))=(- l)%@,,) in:+p+l = 
n I,n+p 
=(-I)” 
l7a+P+1)/L,tl+,+1 
r(a) A _ * 
n I,n+p 
It follows from (2.3) and (2.2) that 
%+p+l(~n~n,n+p(~))= %+p+l(Z”M~+P;z))= 
(- IyIn, (a+P+2wla+P+ 1)T(a+p+n) * 
(z@+p+ 1+2n))2 + 
Hence 
(3.6) ;,niP+‘=r(d 
n!(a+p+2n)z@+p+n) 
(T(a+p+2n+ 1))2 ,n=l,2 ,... ;p=-l,O,l,.... 
n I,n+p 
Now (3.5), (3.6) and 
&-~n An-2J A”-1,.+1 A-1,n 
4-l.n-l=4-l.n+l’ 4l-1,. ‘4-h-1 
imply 
4-Z” ma + WI2 r(a+n) r(a+n-1) 
A,+1=f7~)(n-l)!(a+2n-1)T(a+n)‘T(a+2n)’T(a+2n-1)’ 
which reduces to 
(3.7) An-zn 
qn - 1) =-, n=1,2 ,.... 
A,,-I,,-1 (n- 1Y 
Hence (3.3) and (3.4) become 
Ma-l;z)+(-- 1) - l?+ l)! R ’ a(, zR,~,(a+l;z) 
(3.8) Q,, Cd = 
a(n - 1) 
, n=1,2 ,..., 
I+(- l)“-‘e(n- l)! 
and 
(3.9) Dn-1 
a(,- I) 
A.-l,“-1 
=l+(-l)“-‘e(n-l)!, n=1,2 (.... 
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Relation (3.8) establishes the desired expression of the Bessel type polynomials 
in terms of the classical Bessel polynomials. 
(3ii) Expression as a hypergeometric series 
With the explicit form (2.1) of the Bessel polynomials, (3.8) and (3.9) yield 
and it follows easily that 
(3.10) Qn(z)=;l. (- 1)” 
r,+n (a+n-l)(,, -34 
-n,a+n- l,r,+ 1 
rn I) 
z , n=1,2,..., 
where 
(3.11) rn=(- l)n-l ‘1 -, n=1,2 ,.... 
eq, - I) 
REMARK. The polynomials Q,, can be obtained by confluence from Koorn- 
winder’s 3F2 representation of the Jacobi type polynomials Pzh”,N as given 
in [4]. The polynomials P2’s*o>N are orthogonal on the interval [ - 1, l] with 
respect to the weight function (1 - t)a(l + t)B + N&t - 1) where A’2 0 and 6 is 
the Dirac delta function at 0. With some obvious changes in the notation this 
3F, representation becomes 
with 
qn= 
n!(a-a- l)&~+ 1) 
a-a-2 
e- a _ 1 + 4, 
> 
(a + l)(,)(a - l)cn) 
and 
B,= 
n!(a-a- l),,, +n(a+n-l)e 
(a+ l)(,)(a- l)(n) (a+ l)@- 1)’ 
It is easy to see that lim,,, qn =r,, and if Y:“@(z) is the manic version of 
P~“-a-2*oPe(l -2z), then 
lim,,, c~-“P~“~(az) = Q,(z). 
In [4] it is observed that Krall’s Laguerre type polynomials (cf. [5]) essentially 
can be obtained from the Pzb”*N by confluence as well. 
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(3iii) Second order differential equation 
From (3.8) and (3.11) we get 
(rn + n)Q,(z) = r,R,(a - 1; z) + znR,- I (a + 1; z). 
Since 
f R,(a- l;z)=nR,-,(a+ l;z), 
this can be written as 
(r,,+n)Q,(z)=r,,R,(a- l;z)+z f &(a- l;z), 
or, with (r, + n)Q,(z) = @ and R,(a - 1; z) =y, 
(3.12) #=my+zy’. 
Differentiation bf (3.12) followed by multiplication by z and (2.4) give 
zfj5’= -[(a-r,-l)z-lJy’+n(a+n-1)y. 
With (3.12) this yields 
(3.13) z’@‘+[(a-rn--l)z-l]@= -Ay, 
where 
A=r,,-[r,,(a-r,-l)+n(a+n-l)]z. 
Differentiation of (3.13) and application of (3.12) gives 
(3.14) z3~“+[(a-r~+l)z-l]z~‘+[(a-r,-l)z+A]~=(r,-A+r,A)y. 
Finally, by elimination of y from (3.13) and (3.14), and after some tedious 
calculations, we obtain 
(3.15) z*A@“-[(l-az)A-r,z]#‘-n(a+n-l)(A+l)@=O. 
It is easy to show that for the leading coefficient of A we have 
r,(a- 1 -r,)+n(a- 1 +n)=(r,+n)(a+n- 1 -rJ= 
a+n-1 Q-A z- 
n+l rnrn+’ d,-l,n-,d.,,’ 
As we considered only values of e for which D, # 0, n = 0, 1,2, . . . , 
( 
by 
( - n)(,) 
(3.9) these are just the e # -p 
1 
, 
aoo 
it follows that deg A = 1, hence deg z2A = 3, deg ((1 -az)A - r,z) =2 and 
deg n(a+n- l)(A+ l)= 1. 
Thus (3.15) is indeed a second order differential equation with polynomial 
coefficients depending on n, but of fixed degrees. 
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REMARK. The differential equation (3.15) can be derived by means of the 
“Laguerre-Perron differential equation”, ([6], 0 43) for the denominators of 
the ((n - 1)/n)-PadC approximants to the function C(z) + Q = Q + ,F,(l; a; z). 
(For a similar treatment in the case of the Laguerre type polynomials we refer 
to [31). 
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